Universality in Chern-Simons theory by Mkrtchyan, Ruben L. & Veselov, Alexander P.
ar
X
iv
:1
20
3.
07
66
v2
  [
he
p-
th]
  2
5 M
ay
 20
12
UNIVERSALITY IN CHERN-SIMONS THEORY
R. L. MKRTCHYAN AND A. P. VESELOV
Abstract. We show that the perturbative part of the partition function in the Chern-
Simons theory on a 3-sphere as well as the central charge and expectation value of the
unknotted Wilson loop in the adjoint representation can be expressed in terms of the
universal Vogel’s parameters α, β, γ. The derivation is based on certain generalisations of
the Freudenthal-de Vries strange formula.
1. Introduction
We are going to discuss the universality phenomenon for the gauge theories in
the example of the Chern-Simons theory, using the notion of universal Lie algebra
introduced by Vogel [1, 2]. Mathematically the latter is a certain tensor category
having Vogel plane as a moduli space with special points corresponding to all simple
Lie algebras (see below).
One can think on a universal gauge theory as the one based on the universal Lie
algebra rather than on a concrete simple Lie algebra. It is not clear how to make
precise meaning of this, but what certainly makes sense is to talk about universal
formulae in the theory. Namely, we say that a quantity in the gauge theory is
universal if it can be expressed as an analytic (say, rational) function of Vogel’s
parameters. In particular, the universal Chern-Simons theory (UCS) is dealing
with the universal quantities within this theory.
The elements of the universality were known before Vogel. In physics it goes
back at least to ’t Hooft [3], who extended the SU(N) gauge theory to arbitrary
N. Witten’s analytic continuation of Chern-Simons theory [4] is one of the most
recent important developments in this direction. Part of the universality is n→ −n
duality between SO(2n) and Sp(2n) gauge theories [5, 6, 7, 8].
Another source of universality came from the attempts to understand better the
classification of the simple Lie algebras, see [7, 9, 10]. In particular, the work by
Deligne et al. [11, 12] on the exceptional series is closely related to Vogel’s approach,
which was motivated by the knot theory. A close relation of knot invariants with
Chern-Simons theory became clear after the work of Witten [13] (see e.g. Bar-
Natan [14, 15]). A mathematically rigorous alternative to Chern-Simons theory as
a theory of invariants of 3-manifolds based on quantum groups was proposed by
Reshetikhin and Turaev [16, 17].
Recall that Vogel plane is the quotient space P 2/S3 of projective plane with
projective coordinates α, β and γ (Vogel’s parameters) by the symmetric group S3
acting by permutations of the parameters. The projective nature of the parameters
corresponds to the choice of the invariant bilinear form on simple Lie algebra, which
is known to be unique up to a multiple. The parameters corresponding to simple
Lie algebras are given in Table 1, where we have chosen the normalisation with
α = −2. This normalisation corresponds to the so-called minimal bilinear form,
when the square of the length of the maximal root is chosen to be 2 and the value
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of the corresponding quadratic Casimir operator on the adjoint representation
C2 = 2t = 2h
∨,
where h∨ is the dual Coxeter number and t = α+β+γ. The canonical Cartan-Killing
form corresponds to C2 = 1, so t = 1/2.
Vogel’s parameters have the following meaning [1]: take symmetric part of the
tensor square of the adjoint representation of g, decompose it into three (two for
the exceptional Lie algebras) irreducible representations, then the eigenvalues of
the second Casimir on them are 4t− 2α, 4t− 2β, 4t− 2γ.
A remarkable fact is that many numerical characteristics of simple Lie algebras
can be expressed in terms of only these 3 parameters by the formulae, which we
will call universal. An example is the dimension of g given by Vogel’s formula
(1) dim g =
(α− 2t)(β − 2t)(γ − 2t)
αβγ
.
(see [18, 19] for further developments in this direction). Another class of univer-
sal quantities are the eigenvalues of certain natural Casimir operators in adjoint
representation of g (see [20]).
Table 1. Vogel’s parameters for simple Lie algebras
Type Lie algebra α β γ t = h∨
An sln+1 −2 2 (n+ 1) n+ 1
Bn so2n+1 −2 4 2n− 3 2n− 1
Cn sp2n −2 1 n+ 2 n+ 1
Dn so2n −2 4 2n− 4 2n− 2
G2 g2 −2 10/3 8/3 4
F4 f4 −2 5 6 9
E6 e6 −2 6 8 12
E7 e7 −2 8 12 18
E8 e8 −2 12 20 30
Consider now the Chern-Simons gauge theory with the action
(2) S(A) =
κ
4π
∫
M
Tr
(
A ∧ dA+
2
3
A ∧ A ∧A
)
.
Here A is g-valued 1-form on a 3-dimensional manifold M (which we choose here
to be S3) and Tr denotes some invariant bilinear form on a simple Lie algebra g
(see [13]). We will not fix the choice of such a form allowing coupling constant κ
to change accordingly under replacing the form to preserve the action. This means
that the universal Chern-Simons theory depends on 4 parameters α, β, γ, κ defined
up to a common multiple, where α, β, γ are Vogel’s parameters. In fact it is more
convenient to replace κ by
δ = κ+ t = κ+ α+ β + γ.
Note that we have permutation symmetry in the first 3 parameters, so the corre-
sponding moduli space is a quotient of the 3D projective space P 3/S3.
An example of the universality in Chern-Simons theory is the following formula
for the central charge c, which governs the phase change of partition function under
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the change of trivialisation of tangent bundle of M :
(3) c =
κ(α− 2t)(β − 2t)(γ − 2t)
αβγ(κ+ α+ β + γ)
=
(δ − t)(α− 2t)(β − 2t)(γ − 2t)
αβγδ
.
Indeed, it is known that if we choose minimal bilinear form, so that κ = k (which
needs to be integer in that case) and t = h∨ is the dual Coxeter number, then the
central charge is given by (see [13])
(4) c = k
dim(g)
k + h∨
.
Taking into account Vogel’s formula (1) we can rewrite this in universal parameters
as (3).
We are going to show that the same is true for the perturbative part of the Chern-
Simons partition function and for the expectation value of unknotted Wilson loop
in S3 in the adjoint representation. Mathematically this is based on the existence
of the universal formulae for the sums
p2m(g) =
∑
µ∈R+
(µ, ρ)2m,
where R+ is the positive part of the root system of the Lie algebra and ρ is the
half-sum of positive roots (Weyl’s vector). We are using the unusual notations for
roots since α was taken by Vogel. The first universal formula has the form
(5)
∑
µ∈R+
(µ, ρ)2 =
t2
12
dim g,
which is a homogeneous form of the Freudenthal-de Vries strange formula
< ρ, ρ >=
1
24
dim g,
where <,> is the Cartan-Killing form (see [21]). We show that similar universal
formulae exist for all p2m(g), in particular
(6)
∑
µ∈R+
(µ, ρ)4 =
t(18t3 − 3tt2 + t3)
480
dim g,
where t2 = α
2 + β2 + γ2, t3 = α
3 + β3 + γ3.
Our results can be interpreted in terms of the corresponding (nontwisted) affine
Lie algebras [24], so one can view this work also as an extension of the Vogel map
to the infinite-dimensional case.
2. Chern-Simons partition function of S3
The Chern-Simons partition function
Z(M) =
∫
DAexp
(
ik
4π
∫
M
Tr
(
A ∧ dA+
2
3
A ∧A ∧ A
))
in the case of sphere M = S3 is known explicitly [13]. Let h be Cartan subalgebra
of the Lie algebra g, r be its rank, Q,P ⊂ h∗ be the root and weight lattices
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respectively, Q∨ ⊂ h be the coroot lattice and choose the minimal invariant bilinear
form on g. In that case we have (see e.g. [22], (14.241)):
(7) Z = Z(S3) = V ol(Q∨)−1(k + h∨)−r/2
∏
µ∈R+
2 sin
π(µ, ρ)
(k + h∨)
.
where V ol(Q∨) means the volume of the fundamental domain of Q∨ with respect
to the minimal invariant form. An arbitrary form corresponds to replacing k + h∨
by δ with the corresponding rescaling of V ol(Q∨):
(8) Z = Z(S3) = V ol(Q∨)−1δ−r/2
∏
µ∈R+
2 sin
π(µ, ρ)
δ
.
Let’s rewrite it as the product Z = Z1Z2, where
(9) Z1 = V ol(Q
∨)−1δ−r/2
∏
µ∈R+
2π(µ, ρ)
δ
and
(10) Z2 =
∏
µ∈R+
sin
π(µ, ρ)
δ
/
π(µ, ρ)
δ
.
The first factor Z1 has a clear geometric meaning (cf. [13, 23]):
(11) Z1 =
(2πδ−1/2)dim g
V ol(G)
,
where V ol(G) is the volume of the corresponding compact simply connected group
G (which is SU(n) and Sp(n) in the unitary and symplectic cases and the double
cover Spin(n) of SO(n) in the orthogonal case). Indeed,
Z1 = V ol(Q
∨)−1δ−r/2
∏
µ∈R+
2π(µ, ρ)
δ
=
πN
V ol(Q∨)δ
dim g
2
∏
µ∈R+
2(µ, ρ)
(µ, µ)
∏
µ∈R+
4
(µ∨, µ∨)
,
where µ∨ = 2µ(µ,µ) , N is the number of positive roots, so that r + 2N = dim g. Now
we can use Macdonald’s formula [25, 27] for the volume of the group G
(12) V ol(G) = V ol(Q∨)
r∏
i=1
2πmi+1
mi!
∏
µ∈R+
(µ∨, µ∨),
wheremi are the exponents of the Lie algebra g (which are one less than the degrees
of the basic Casimir elements), satisfying the identity (see [28])
r∑
i=1
mi = N.
To come to (11) we need one more important identity due to Steinberg
(13)
∏
µ∈R+
2(µ, ρ)
(µ, µ)
=
r∏
i=1
mi!
(see Appendix to [29]).
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Let us look now at the second factor Z2, which can be called the perturbative
part of the partition function (see [23]). Consider the corresponding free energy
F2 = − lnZ2. Using infinite product representation
sinπx = πx
∞∏
n=1
(1− (
x
n
)2)
we have
ln
sinπx
πx
=
∞∑
n=1
ln(1− (
x
n
)2) =
∞∑
n=1
∞∑
m=1
1
m
x2m
n2m
=
∞∑
m=1
ζ(2m)
m
x2m,
where ζ(z) is the Riemann zeta-function. The values ζ(2m) for positive integer m
are known explicitly:
ζ(2m) = (−1)m+1
B2m(2π)
2m
2(2m)!
,
where B2m are the Bernoulli numbers. Thus the perturbative part of free energy is
(14) F2 =
∞∑
m=1
ζ(2m)
m
∑
µ∈R+
(
(µ, ρ)
δ
)2m
.
To show its universality we should express the sums
∑
µ∈R(µ, ρ)
2m in terms of
Vogel’s parameters.
It is more convenient for us to consider the sums over all roots
pk =
∑
µ∈R
(µ, ρ)k.
We have pk = 0 for all odd k and p2m = 2
∑
µ∈R+
(µ, ρ)2m and p0 = 2N is the
total number of roots. We drop this p0 term and consider the following exponential
generating function
F (x) =
∞∑
k=1
pk
k!
xk =
∑
µ∈R
(ex(µ,ρ) − 1).
We claim that it can be expressed in terms of the Vogel’s parameters as follows
(15) F (x) =
sinh(xα−2t4 )
sinh(xα4 )
sinh(xβ−2t4 )
sinh(xβ4 )
sinh(xγ−2t4 )
sinh(xγ4 )
−
(α− 2t)(β − 2t)(γ − 2t)
αβγ
The proof follows the idea from [21, 22]. Consider the value of character of the
adjoint representation at the point xρ according to Weyl formula
(16) χθ(xρ) =
Dθ+ρ(xρ)
Dρ(xρ)
=
Dρ(x(θ + ρ))
Dρ(xρ)
=
∏
µ∈R+
sinh(x(µ, θ + ρ)/2)
sinh(x(µ, ρ)/2)
where θ is the maximal root and
Dρ =
∑
w∈W
ǫ(w)ewρ =
∏
µ∈R+
(eα/2 − e−α/2).
On the other hand this value is r +
∑
µ∈R e
x(µ,ρ), so we have the equality
(17) r +
∑
µ∈R
ex(µ,ρ) =
∏
µ∈R+
sinh(x(µ, θ + ρ)/2)
sinh(x(µ, ρ)/2)
.
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Now we need the following key property of the Vogel parameters:
(18)
∏
µ∈R+
φ((µ, θ + ρ))
φ((µ, ρ))
=
φ((α − 2t)/2)
φ(α/2)
φ((β − 2t)/2)
φ(β/2)
φ((γ − 2t)/2)
φ(γ/2)
for any even or odd function φ(x). The proof is based on the observation that
the roots with non-zero scalar product with θ (the only one to contribute to the
left hand side) can be organized in three ”strings” with the cancellations between
consecutive numerators and denominators within each string, leaving only three
of them in the right hand side (cf. [18, 20]). Subtracting from both sides the
Vogel’s expression for the dimension gives (15), which implies universality of the
perturbative part of free energy.
Expanding both sides (15) in x in the leading second order we have the Freudenthal-
de Vries strange formula. The next two orders give (6) and
(19)
∑
µ∈R+
(µ, ρ)6 =
t(396t5 − 157t3t2 + 15tt
2
2 + 39t
2t3 − 5t2t3)
16128
dim g.
So what’s about the universality of the full partition function ? As we have seen
it is equivalent to the question of whether the volume of the corresponding group G
can be expressed in terms of the Vogel parameters or not. This volume is a product
V ol(G) = V ol(T )V ol(G/T )
of the volumes of the maximal torus T ⊂ G and of the corresponding flag variety
G/T. The identity (13) and the universality of the p2m(g) suggest that at least for
the volume V ol(G/T ) the answer should be positive, but it is most likely that we
will have to go beyond the class of rational functions. We hope to come back to
this very interesting question soon.
3. Expectation value of Wilson loop
Important gauge invariant quantity of gauge theories is the expectation value of
Wilson loop is
(20) < W (C) >=
1
Z
∫
dAeiS(A)W (C),
where
W (C) = TrP (exp
∫
Aµdx
µ)
with Aµ taken in some representation of g. For the unknotted curve C on S
3 and
representation with highest weight λ the answer is known to be
< W (C) >=
∏
µ∈R+
sin(pi(µ,λ+ρ)(k+h∨)
sin( pi(µ,ρ)(k+h∨) )
,
with the minimal choice of the bilinear form (see [13, 22]). If we now choose the
adjoint representation with λ = θ and free the form using the same arguments as
before we come to the universal expression
(21) < W (C) >=
sin(pi(α−2t)2δ )
sin(piα2δ )
sin(pi(β−2t)2δ )
sin(piβ2δ )
sin(pi(γ−2t)2δ )
sin(piγ2δ )
.
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How to extend this to non-trivial knots and other representations is an interesting
question.
We would like to note that this expression is invariant under the following invo-
lution
(22) σ : (α, β, γ, δ)→ (−α,−β, 2δ − γ, δ).
It resembles the level-rank duality (see [31] and references therein) mixing level
k with parameters of group, although apparently different. Together with per-
mutation symmetry S3 of parameters α, β, γ, this involution generates an infinite
semi-direct product group K = S3⋉(Z2⋉Z
2). Its normal subgroup Z2⋉Z
2 consists
of the shear transformations
(α, β, γ, δ)→ (α+ 2aδ, β + 2bδ, γ + 2cδ, δ), a+ b+ c = 0, a, b, c ∈ Z
and involutions
(α, β, γ, δ)→ (−α+ 2a′δ,−β + 2b′δ,−γ + 2c′δ, δ), a′ + b′ + c′ = 1, a′, b′, c′ ∈ Z.
There exists another transformation, which swaps κ and t and can be considered
as a natural candidate for the universal level-rank duality
(23) σ : (α, β, γ, δ)→ (−α,−β, δ − γ, δ),
which is not a symmetry of (21) except for SU(N) case. To find a universal form
of level-rank duality is a very important open question.
4. Duality of SO(2n) and Sp(2n) Chern-Simons theories
On the Vogel’s plane the coordinates of SO(2n) and Sp(2n) go into each if we
interchange α and β and change n to −n. This means that on the level of the
universal quantities we have formal equality
Sp(2n) = SO(−2n),
which was known for quite a while (see [5, 6, 7, 8]). Let’s discuss this in a more
detail.
Recall that the integer values of the coupling constant κ = k ∈ Z correspond to
the minimal bilinear form Tr in (2). One can check that if one would like to use
the trace TrF in the defining fundamental representation instead of minimal form
with the same quantisation condition, then the corresponding actions will be:
SU(N) : S(A) =
k
4π
∫
M
TrF
(
A ∧ dA+
2
3
A ∧ A ∧ A
)
SO(N) : S(A) =
k
8π
∫
M
TrF
(
A ∧ dA+
2
3
A ∧ A ∧ A
)
Sp(2n) : S(A) =
k
4π
∫
M
TrF
(
A ∧ dA+
2
3
A ∧ A ∧ A
)
Note the additional factor 1/2 in the SO(N) case.
According to [6] Yang-Mills gauge theories with
S(A) = −
1
g2
∫
TrF (FµνF
µν)
for SO(2n) and Sp(2n) gauge groups are connected by duality transformation
n → −n, g2 → −g2. The proof works for the Chern-Simons theory as well. Now
we have to take into account that in Chern-Simons case one has a distinguished
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normalisation of the coupling constant, for which κ = k is integer, and that nor-
malisation differ by 2 for SO and Sp cases, as shown above. So, we see that the old
duality [6] of SO(2n) and Sp(2n) gauge theories under n→ −n, g2 → −g2 becomes
n→ −n, k→ −2k
for the corresponding Chern-Simons theories. Unitary case SU(N) is self-dual
under N → −N, k→ −k.
This is in perfect agreement with the expressions for the central charge (4) for
SO(2n) and Sp(2n):
SO(2n) : c = k
n(2n− 1)
k + 2n− 2
,
Sp(2n) : c = k
n(2n+ 1)
k + n+ 1
are related by n → −n, k → −2k, as it should be since the central charge is a
universal quantity.
The apparent non-duality of partition functions for SO and Sp theories cal-
culated in [30] is the consequence of their choice of the invariant forms, where the
factor 1/2 was lost in Sp case. One can show that the same calculation with correct
form reveals the duality.
5. Concluding remarks
We discuss some natural questions here. The main one is which sectors of the
Chern-Simons theory are universal. In particular, is the non-perturbative part of
the partition function universal? What’s about knotted Wilson loops in represen-
tations different from adjoint?
One can ask also about universality of Yang-Mills theory. Universality of per-
turbative Chern-Simons partition function as well as universality of Casimir eigen-
values are indications of the universality of perturbative partition function of Yang-
Mills theory.
In a universal gauge theory one can consider an analogue of the 1/N expansion
in two parameters, say α/γ, β/γ. In particular, one can consider such expansion for
the exceptional Lie groups living on the line (plane) γ = 2α+2β studied in detail by
Deligne et al [11, 12]. One can ask also for a universal form of the duality between
topological strings and Chern-Simons theory with classical groups [30, 32, 33].
As we have mentioned in the Introduction our results can be interpreted within
the theory of affine nontwisted algebras [24]. For example, Z(S3) = S0,0 and
< W (C) >= S0,θ/S0,0, where S0,0 and S0,θ are matrix elements of modular trans-
formations of affine characters (see e.g. [22]). Parallel will become complete if we
include the value of the central element in the definition of affine Lie algebra. Can
one extend this picture to the twisted affine Lie algebras? What is the correct form
(if any) of the universal level-rank duality?
Note that Lie superalgebras were in Vogel’s map from the very beginning [1, 2],
see Table 2. The meaning of our calculations in that case is still to be understood.
What are other interesting points on Vogel’s map? The theory of Vassiliev knot
invariants [34], in particular, the results of [35, 36] may help to understand this.
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Table 2. Vogel’s parameters for basic classical Lie superalgebras
Lie superalgebra α β γ t
slm,n −2 2 m− n m− n
ospp,q −2 4 p− q − 4 p− q − 2
f4 −2 2 3 3
g3 −2 2 2 2
D2,1,λ λ1 λ2 λ3 0
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